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Abstract —A detailed analysis of lumped capacitance, open-circuit end
effects, and edge-capacitance of finite-length strip conductors embedded in
multilayer, isotropic dielectrics without sidewalls is presented. The analysis
uses the well-known variational technique, in conjunction with the trans-
verse transmission-line technique. The lumped capacitances of square and
rectangular conductor patches in sandwiched microstrip, inverted micro-
strip, and suspended microstrip are computed. Further, extensive data on
the open-circuit end effects and edge-capacitances of finite-length strip
conductors in these microstrip-like transmission lines are generated. Using
the method presented, the analysis of lumped capacitance, open-circuit end
effects, and edge-capacitances of finite-length strip conductors in various
microstrip-like structures reduces to the determination of a single admit-
tance parameter. This parameter can be simply obtained from the transmis-
sion-line equivalent circuit.

1. INTRODUCTION

HE CONVENTIONAL microstrip transmission line

has been extensively used in fabricating various circuit
components at microwave frequencies [1]. Some of its
modified versions, namely, the sandwiched microstrip, in-
verted microstrip, and suspended microstrip, have proven
useful at higher microwave and millimeter-wave frequen-
cies [2], [3]. The propagation parameters, i.c., the character-
istic impedance, the effective dielectric constant, and the
phase velocity of the aforementioned microstrip-like trans-
mission lines, have been extensively analyzed in the litera-
ture. For some specific circuit applications, a knowledge of
the lumped capacitance and open-circuit end effects of
finite-length strip conductors in these microstrip-like con-
figurations is essential.

There are a limited number of papers available in the
literature on the lumped capacitance, open-circuit end ef-
fects, and edge-capacitance of the conventional microstrip
configuration. The quasi-static analysis using the method
of moments has been reported by Farrar and Adams [4].
Itoh et al. [5] studied the end effects of open microstrip
structures using the Galerkin’s method in the Fourier-
transform domain. A closed-form expression for the open-
end discontinuity capacitance in shielded microstrip has
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been reported by Bedair and Sobhy [6]. Their results are
based on the results obtained earlier for the stripline con-
figuration [7]. The analysis of edge-capacitance in shielded
microstrip using the variational method in the space-
domain has been reported by Maeda [8]. The most exten-
sive data on the microstrip open-circuit has been given by
Silvester and Benedek [9] using the method of line sources
with charge reversal. They have also given an empirical
expression, which is very useful for computational pur-
poses. Some results on the microstrip end effects have also
been reported by James and Tse [10]. The hybrid-mode
analysis of microstrip end effects has been reported by
Hornsby [11] and Jansen [12]. The experimental investiga-
tions on the end effects have been carried out by Napoli
and Hughes [13], Easter et al. [14], and James and Tse [10].

Except for one graph on the end effects of suspended
substrate line [12], there is no design information available
in the open literature on the lumped capacitance, open-cir-
cuit end effects, and edge-capacitance of various modified
versions of the conventional microstrip.

In this paper, the lumped capacitance, open-circuit end
effects, and edge-capacitance of a layered microstrip struc-
ture are analyzed using the variational method in conjunc-
tion with the transverse transmission-line technique. Exten-
sive design data on the lumped capacitances of square and
rectangular conductor patches in sandwiched microstrip,
inverted microstrip, and suspended microstrip are numeri-
cally generated. The data on open-circuit end effects and
edge-capacitarices in these transmission lines are also com-
puted. The technique presented is quite simple and general.
Determination of a single parameter, namely, the admit-
tance at the charge plane, is sufficient to analyze the
lumped capacitance, open-circuit end effects, and edge-
capacitance of a variety of microstrip-like transmission
lines.

II. ANALYSIS

Consider a strip conductor of finite length sandwiched
between four-layer isotropic dielectrics as shown in Fig. 1.
The dielectric structure extends to infinity in the + x and

0018-9480 /84 /0300-0433501.00 ©1984 IEEE



434 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 32, NO. 4, APRIL 1984

Electric|wall

Ud ¥
/Co €, / hy Ys
*——ésﬁ__ i VI X
3 13

53 je— 4

»

Fig. 1. Finite-length strip conductor embedded 1 four-layer isotropic

dielectric structure.

+ z directions. The variational expression for the line
capacitance of an infinitely thin strip conductor of finite
length in the Fourier transform domain can be written as

1 _____1_—_ 0 00 . ) .
C/~(2W)2Q2f-oo/w¢( - B)f(e. B) dadB (1)

where Q is the total charge on the strip conductor S,
f(a, B) is the Fourier transform of the charge distribution
f(x, z) on the strip conductor S in the x-z plane, and
&(a, ¥y, B) is the Fourier transform of the potential distri-
bution function ¢(x, y, z) at the charge plane y = y;. These
quantities are given by

Q=/ff(x,z)dxdz (2)
s
fap)=f" [ iayetes i ava: - (3)

<1>(aay»,3)=foo fw o(x, p,z)e! B dxdz. (4)

To determine the capacitance of a finite-length strip
conductor sandwiched between multilayer dielectrics using
(1), ¢(a, y,, B) has to be determined and a suitable charge
distribution f(x, z) on the strip conductor has to be as-
sumed. The potential distribution function satisfies the
Poisson’s differential equation

1
Vio(x. 0, 2) == ([ f 8= n) (9
Fourier transforming (5) with respect to x and z, we get
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Fig 2. Two-wire transmission-line equivalent of the structure shown 1n
Fig. 1.
where
g =a’+p? (7)

and ¢ is the absolute dielectric constant of the medium.
The boundary conditions at the various dielectric inter-
faces are given by

/
¢(a, é h,—O,ﬁ) =¢(a, 2 h+0.8

=1 =1

(8)

d ]
fofr,zi;‘i’(a- Y —O,B)

=1

/
=€0€rj+1di;,¢(a’ Zhl+0,ﬂ), j=1,2,3,4.
=1
(9)

In order to solve for ¢(a, y,8), we use the transverse
transmission-line method [2]. For a transmission line with a
current source of intensity /; located at y = y, (Fig. 2), the
voltage V" along the line satisfies the differential equation

d? _
dy?

Further, the continuity conditions at the interfaces are
given by

V=—vyZI8(y—y,). (10)

V=V (11)
and
av, dv
J _ J+1 .
ng)}_-x‘j‘FlT’ ]'—1’2*3’4 (12)

where v is the propagation constant, Z_ is the characteristic
impedance in general, and Y, is the characteristic admit-
tance of the jth section of the transmission line. Compar-
ing (6)-(9) with (10)-(12), we get the following analogous
relations:

V=¢(a>y’18)ﬂ‘Y:§= 2+,82, Zczé’ [s=f(aéﬁ)
Y<J=€0€rj‘ (13)

Since V=1 /Y at y = y,, we have
o 3y, B) = —L) (14)

(\/oz2 + B2 )Y

where Y, the admittance at the charge plane y = y,, is
obtained from the transmission-line equivalent circuit
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shown in Fig. 2. This expression is given by
Y=Y +Y_
Y, =€p€,3 [(Y1 + €€,y tanh (£(hy — t)))/
-(€g€,3 + Yitanh (£(hy —1)))] (15b)
Y_=ege,3[(Yy + €€ stanh (£)) /(ege, 3 + Yy tanh (£1))]
(15¢)
Y, = €4€,4c0th (£Ry) (159)
Y; = €o€,, coth (Ehy) (15¢)
Y, = €62 [ (Y5 + ege,ptanh (€,)) /(eqe,, + Yatanh (£h,))].
(151)

(15a)

Combining (1) and (14), we get

1 _ 1 oo f(a,ﬁ)r 1
C, 47,sz fw[ 0 (az+ﬁz)yd(xdﬁ. (16)

The charge distribution on the strip conductor can be

rewritten as
f(x,2)=f(x)g(z) (a7

where f(x) and g(z) specify the variations in the x- and
z-directions, respectively. For the x-direction, we assume a
charge distribution similar to that used by the authors for a
uniform line {2]

3

X0 a<x<w2

fx) =1t

0, otherwise.

(18)

In the z-direction, the charge distribution will be more or
less flat except near the edges. This prompts us to choose
the following distribution for g(z):

1, -(U/2-k)y<z<(1/2—k)
A
1+ 2l (2Rl
-12<z<—-(1/2-k)

({2—k)<z<i)2
0, otherwise.,

g(z)=

(19)
A and k are constants determined by numerically maximiz-

ing the capacitance C,. Fourier transforming (18) and (19)

and evaluating (3) and (2), we get
fla,B)=f()g(B) (20)

where
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g(,8)=%(1+A)sin(%)
_[%(sin(ﬁl_zﬁk)sin(%é))] (22)

(23)

Using (20)-(23) in (16), the line capacitance of the finite-
length strip conductor embedded in multilayer dielectrics
can be determined. Once C, is determined, the edge-capaci-
tance (C,,) can be obtained as

Cy.= lim 0.5[C, - IC]

[ 00

Q=%“1[Ak+1].

(24)

where C, is the capacitance of the section of length / and
width w obtained from (16) and C is the line capacitance
per unit length of a uniform line of the same width. The
expression for C is already available in an earlier paper by
the authors [2]. The edge-capacitance can also be expressed
in terms of a hypothetical extension of the strip conductor
by a small amount A/ which is given by

C
Al= CO (25)

In evaluating (24), [ is not infinite but some finitely large
value beyond which the change in (C, —/C) is negligible.
Expressions (16), (24), and (25) are general. For solving
various microstrip-like structures, the only parameter to be
determined is the admittance Y at the charge plane which
can be obtained from the transverse transmission-line for-
mulas. In this paper, a four-layer microstrip is analyzed.
However, the same expressions are valid for N-layer micro-
strip using a modified admittance expression.

111

A numerical experiment showed that for determining the
lumped capacitance of square and rectangular conductor
patches, a uniform charge distribution in the z-direction
(g(z)=1, —1/2 < z<1/2) gives quite accurate results ad-
equate for most applications. Therefore, for determining
the lumped capacitance of square and rectangular conduc-
tor patches in various microstrip-like configurations, the
factor A appearing in (19) is set equal to zero. Further, for
determining the open-circuit end effects and edge-capaci-
tance, the factor 4 is set equal to 1. Fig. 3 illustrates the
variations of normalized capacitance C, of square and
rectangular conductor patches in sandwiched microstrip as
a function of b/w, for fixed values of a, /b, a, /b, €,1, and
€,,. The normalizing factor is the parallel-plate capacitance
of the conductor patch situated at a distance (a; + b) in
free space above the ground plane. This factor is €qw?/
(a, + b) for the square patch and e,w®/2(a, + b) for the
rectangular patch with /=w/2. As b/w increases, Cy
increases. The values of Cy for the rectangular conductor
patch are higher than with those for the square conductor
patch. The variations of the normalized edge-capacitance
(Cy./w) and normalized extension in length due to end
effects (Al/b) are plotted in Fig. 4 as a function of w/b,
for fixed a,/b, a,/b, €,, and ¢,,. As w/b increases,

NUMERICAL RESULTS
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Fig. 3. Normalized capacitance of square and rectangular conductor

patches in sandwiched microstrip versus air-gap height.
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Fig. 4. Variations of normalized edge-capacitance and normalized ex-
tension in length of sandwiched microstrip versus strip width.

Co./w decreases, whereas Al/b increases. It is observed
that for the structural parameters considered, the extension
in length due to end effects is of the order of 1.0 to 2.5
times the air-gap height.

As a numerical check, the lumped capacitance, open-cir-
cuit end effects, and edge-capacitance of the conventional
microstrip structure in open configuration have been com-
puted. Fig. 5 shows the variations of normalized capaci-
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Fig. 6. Comparison of normalized edge-capacitance and normalized ex-
tension in length of microstrip versus strip width using present theory
with those reported by other authors [4], [9].

tance C, of the square conductor patch versus b/w. The
variations of G, /w and Al/b versus w/b are plotted in
Fig. 6. Superimposed on these graphs are the results re-
ported by other authors [4], [9]. As can be seen, there is
very good agreement between the results obtained using
the present theory and those reported by other authors.
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The variations of normalized capacitance C,, of square
and rectangular conductor patches in inverted microstrip
as a function of b/w with a /b as a parameter are plotted
in Figs. 7 and 8, respectively. The normalizing factor is the
parallel-plate capacitance of the conductor patch situated
at a distance b in free space above the ground plane. This
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Fig. 9. Variations of normalized edge-capacitance and normalized ex-
tension in length of inverted microstrip versus strip width with the
thickness of the dielectric substrate as a parameter.

factor is e;w?/b for the square patch and e,w?/2b for the
rectangular patch with /=w/2. It is observed that Cy
increases with an increase in @ /b or b/w. The values of Cy,
obtained for the rectangular conductor patch are higher
than those obtained for a square conductor patch. Fig. 9
depicts the variations of normalized edge-capacitance
(Cy./w) and normalized extension in length due to the
end effects (Al/b) as a function of w/b, with a/b as a
parameter. For a fixed value of a/b, Al /b increases and
Co./w decreases with an increase in w/b. On the other
hand, for a fixed value of w/b, both Al/b and Cy./w
increase as a /b is increased. For the structural parameters
chosen, the extension in length of the line due to the end
effects is of the order of 0.6 to 2.3 times the air-gap height.
The values of Al obtained in the present structure are
considerably higher as compared with those obtained in
the conventional microstrip.

Figs. 10 and 11 depict the variations of normalized
capacitance Cy, of square and rectangular conductor patches
in suspended microstrip as a function of b/w with a /b as
a parameter. The normalizing factor is the pagallel-plate
capacitance of the conductor patch situated at a distance
(a + b) in free space above the ground plane. This factor is
eow?/(a+ b) for the square patch and eqw?/2(a + b) for
the rectangular patch with /=w/2. Fig. 12 shows the
variations of normalized edge-capacitance (C,./w) and
the normalized extension in length due to end effects
(Al/b) as a function of w/b, with a /b as a parameter. The
variations obtained are similar to those obtained in the
case of inverted microstrip. For the structural parameters
chosen, the extension in length due to end effects is of the
order of 0.6 to 2.4 times the air-gap height. Compared with
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the conventional microstrip, the values of A/ obtained in
the present structure are considerably larger.

IV. CONCLUSIONS

The analysis of finite-length strip conductor in a multi-
layer microstrip structure is presented in this paper. Exten-
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Fig. 12. Variations of normalized edge-capacitance and normalized ex-
tension in length of suspended microstrip versus strip width with the
thickness of the dielectric substrate as a parameter.

sive design data on the lumped capacitances of square and
rectangular conductor patches, open-circuit end effects,
and edge-capacitances of a) sandwiched microstrip, b) in-
verted microstrip, and c¢) suspended microstrip are gener-
ated. Compared with the conventional microstripline, the
values of A/ obtained in various microstrip-like configura-
tions reported in this paper are higher. The design data
presented should be very useful for designing lumped
elements and filters in sandwiched microstrip, inverted
microstrip, and suspended microstrip.

The analysis of a finite-length strip conductor embedded
in multilayer isotropic dielectric substrates presented is
fairly general. A variety of structures can be analyzed by
simply determining the admittance parameter.
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Multiconductor Transmission Lines in
Multllayered Dielectric Media
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" Abstract —A method for computing the capacitance matrix and induc-
tance matrix for a multiconductor transmission line in a multilayered
dielectric region is presented: The number of conductors and the number of
dielectric layers are arbitrary. Some of the conductors may be of finite
cross section and others may be infinitesimally thin. The conductors are
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either above a single ground plane or between two parallel ground planes.
The formulation is obtained by using a free-space Green’s function in
conjunction with total charge on the conductor-to-dielectric interfaces and
polarization charge on the dielectric-to-dielectric interfaces. The solution is
effected by the method of moments using pulses for expansion and point
matching for testing. Computed results are given for some casés where all
conducting lines are of finite cross section and other cases where they are
infinitesimally thiri.

I. INTRODUCTION

HE OBJECTIVE of this analysis is to détermine the
_ capacitance matrix and the inductance matrix of a
multiconductor transmission-line system. Some of the con-
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